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Abstract
Scalar and vector forms of Helmholtz integral formulations
of scattering of plane waves by one-dimensional rough surfaces
are presented and compared. The results show that scalar form
yields exact results for horizontally (perpendicular) polarized
incident wave, whereas it does not seem to be adequate for vertically

(parallel) polarized incident wave with field component normal

to the local gurface.
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Space Administration under Contract No. NAS-9-6760.




Iy

Introduction

Current theories of scattering of electromagnetic
energy by rough surfaces are based upon solutions of

the scalar integral

B = {®s 3t -6 3B as (1)

with the boundary conditicns obtained by Beckmann (19263),

(E)g = (1 + R)E; (2)
(25 ‘e :
GRlg = (1-R (3)

where ¢ is the free space Green's function

+=texp{1Ry¥] (4)
The propagation vector of the incident energy is kj and
of the scattered energy is k;. The nomal to the surface
is n. The reflection coefficient R is that for a perfectly
conducting plane surface and takes the vhlue'fl in the case
of vertically polarized incident radiation. in the case of
horizontally polarized incident radiation it pas the value
of ~1. -

For the one dimensional surface illuéfraﬁed in Pigure 1,
the general expression for the scattered field}obtained by

Beckmann (1963) is

L
Ey = LEE%;'%E&J}I(&S‘ -b) exp {i(vxx + vZS)} dax (5)
-L



where

a = (1-R) sin 63 + (1+R) sin 6, (6)
b = (14R) cos 683 -~ (1-R) cos 63 (7)
Vy = K (8in 63 -~ sin 62) (8)
vy = ~-K (cos 6] + cos 03) {9)

and R, is the distance from the origin to the point of
observation.

A vector formulation of the theory of scattering of
electromagnetic energy by rough surfaces has been developed,
and, as is to be expected, is not in complete agreement
with the scalar formulation. This paper presents the
vector formulation, compares the wvector and scalar approaches

and discusses the significant differences.

The Vector Formulation

Evaluation of the integral developed by Stratton and
Chu (1941)

E; = -ﬁ(imu¢§3 xH+ Gy "E) vo+ (mxE) x v¢} ds (10)
will yield an expression for the scattered electric field.
The surface S is assumed to posses the following restrictive
properties:
1. The surface is continuous
2. Mutual interactions between the irregularities of
the surface may be neglected.

3. Shadowing does not occur



4. The field on the surface may be approximated by
that on a perfectly conducting plane surface of

infinite extent tangent to the surface.
The surface S is defined by the radius vector
T, o= x 8y +8(x) a, (11)

where § (x) is the height of the surface above the plane
Z = 0 at X. The boundary conditions are

(nx Ej)g =0 (12)
(R B)g =2 51'3'1"‘:-'58 (13)
(hx Mg =2 A x | 5=Ts (14)

where Ej is the incident electric field and H; is the
magnetic field corresponding with E;. The Green's function

¢ is the free space Green's function
1 o
¢ = = exp {ifz r} (15)
where the propagation vector k2 is
K, = K3 {sin 62 ay + cos 6, 3',} (16)

Por vertically polarized incident energy, the electric
field is taken to be

£, = (Bx 5 + E, az} (7
-~

and the magnetic field is

H) = _1%1 E; sin 61 + Ex cos 31} exp {i('l’('r'f-ut)} (18)




where C is the velociiy of light. For horizontally
polarized incident energy, the incident electric fiald
is

E) = E, &, exp z(k'l-?:‘-m} (19)
and the magnetic field is
Hy = % {;x cos 01 - a, sin 01} exp {iﬂ'l-'i"} (20)

Evaluation of (10) for the case of vertically polarized
incident energy yields

Ez = - g_xg#%&f[&ﬁds!ﬁ? [5"3“}5-«,‘ {6 *fg‘}Je_.xpE("ix"Vx 5)} (21)
-bL

where
of = -iKyEz 8in o3 + K3 (E, 8in o + Ex cos 0]) (22)
8 = iK2(E, sin 63 - E; cos 63) (23)
¥ = iKy Ex cos 83 (24)
€ = iKp E; cOs 63 (25)
§ = iRy Ex cos 63 + K; (Ez sin 6) + Ex cos 6;) (26}
V% = K3 sin 03 - K2 sin 02 (27)
Vy = ~(K; cos 81 + Kz cos 63) (28)

Evaluation of (10) for the case of horizontally polarized

incident radiation results in the expression
e

E, = ‘!valzzfxg{i%}jﬂcos 81 + sin el'3j eXp £i(vxx+vz 5)3 dx (29)

wnere Vy anu vy are given Dy (4/) and <8}, respectivesdy.




Analysis
Evaluation of (5) for the case of horizontally

polarized incident eneryy results in
[

Ep = l_;e%%igi_x_xby(z sin 075 + 2 cos ej)exp é(vxxﬂrz S)} dx (30)

-L
which is identical with (29). Evaluation of (5) for the

case of vertically polarized incident energy results in

b

E; = Le-’;%&ltﬂ%z sin 62.5' - 2 cos 62)exp {i(VxK*VZS)} dx

L
which, when compared with (21) shows few similarities.

The polarization is coincidental since the above
results show that the boundary conditions can be simply
expressed in relation to the surface in case of the hori-
gontal polarization and the vector field to be treated

as three scalars.

Conclusion

The case of horizontally polarized plane wave scattering
from a one dimensional surface can be studied by using
scalar Helmholtz integral approach whereas it is not the
case for vertical polarization. Extension of this work to
two dimensional surfaces, which is in progress, seems to

indicate that the analogy may fail for both polarizaticns.

(31)






The Geometry of a One-Dimensional Rough Surface.
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